The causal set approach to the problem of quantum gravity is based on the hypothesis that spacetime is fundamentally discrete. Spacetime discreteness opens the door to novel types of dynamical law for cosmology and the Classical Sequential Growth (CSG) models of Rideout and Sorkin form an interesting class of such laws. It has been shown that a renormalisation of the dynamical parameters of a CSG model occurs whenever the universe undergoes a Big Crunch-Big Bang bounce. In this paper we propose a way to model the creation of a new universe after the singularity of a black hole. We show that renormalisation of dynamical parameters occurs in a CSG model after such a creation event. We speculate that this could realise aspects of Smolin's Cosmological Natural Selection proposal. 
Introduction
The causal set approach to the problem of quantum gravity [2, 3, 4] proposes that, of all the major concepts in our current best theories, the spacetime causal order from General Relativity and the path integral from quantum theory will survive the coming revolution. The main new hypothesis in causal set theory is fundamental spacetime discreteness at the Planck scale.
The marriage of causal order and discreteness
Spacetime causal order is a basic concept in General Relativity. The physics of General Relativity cannot be understood without reference to causal order, witness for example the widespread use of Penrose diagrams and the definition of a black hole. There are further good reasons for postulating that causal order is more fundamental than the other attributes of a spacetime, topology, differentiable structure and metric. Classic results in global causal analysis show that the causal order of a strongly causal spacetime determines its local null geodesics, its chronological structure and its topology [5] , its differentiable structure [6] and its metric up to a conformal factor [7] . Causal order is therefore a unifying concept, containing 9 10 of the full spacetime geometry (in 4 dimensions) and lacking only information about local physical scale.
for full quantum gravity are discrete and the scale of the discreteness is close to the Planck scale. No continuum limit is taken in the full theory and physics on large scales is a continuum approximation to the underlying theory. A continuum limit would lack some of the physics of the full theory [8] .
Marrying causal order and discreteness straightforwardly results in a discrete order, a discrete manifold whose only structure is a partial order relation ≺ on its elements. In the causal set approach to quantum gravity, the inner basis of spacetime is hypothesised to be a discrete order or causal set [9, 10, 2] . For further reviews of Causal Set theory see [11, 12] .
The way a causal set, (C, ≺) gives rise to an approximating continuum spacetime is that the order relation ≺ underpins the causal order of (M, g) and the physical scale missing from the causal order is furnished by the atomicity:
the number of elements in any portion of the causal set manifests itself, on average, as spacetime volume of the corresponding region of the approximating continuum. Number plus Order equals Geometry, in R. Sorkin's slogan.
A successful prediction from causal set cosmology
The potential of causal set theory to make progress on cosmological questions has been demonstrated by the successful heuristic prediction of the order of magnitude of a fluctuating cosmological "constant", Λ, by Sorkin [4, 13] .
To date this is the only successful prediction-in-advance from any quantum gravity theory. The argument starts by assuming that some as yet unknown dynamics drives Λ towards zero and any observed nonzero value of Λ is a fluctuation about that mean value. Fluctuations in Λ are subject to an uncertainty relation with its canonically conjugate variable, the spacetime volume V . In the path integral over causal sets one does not sum over the cardinality of the causal sets, just as one doesn't sum over time in the path integral in quantum mechanics. The number of elements N is held fixed and due to the statistical nature of the correspondence between number and volume, V will be uncertain in value by
units, where we have used the volume of the observable universe for V .
Computer simulations of a phenomenological model of the fluctuations of Λ confirmed the earlier prediction [14] .
Certain ad hoc aspects of this phenomenological model have been alleviated in [15] but one serious one remains: Λ is forced to be homogeneous. It has been argued that if Λ were allowed to fluctuate in space this would conflict with δT T ∼ 10 −5 constraints from the CMB [16, 17] . This conclusion, however, assumes that General Relativity holds and the fluctuations couple locally to the metric. The original homogeneous fluctuating Λ model is highly nonlocal in time, however, and it is possible that a nonlocal model of fluctuating inhomogeneities in Λ can be compatible with CMB constraints. If this turns out to be the case then the fluctuations in Λ might themselves be able to act as the seeds for structure formation in the early universe.
There is currently a window of opportunity for causal set Λ with increasing tension between high and low redshift measurements of the Hubble parameter and the standard constant-ΛCDM cosmological model. In particular, two measurements of the Hubble parameter at redshift of around z = 2.34 by the Baryon Oscillation Spectroscopic Survey (BOSS) which uses the Baryon Acoustic Peak as a standard ruler, agree with each other and give a best fit value of ρ λ (z = 2.34) which is negative [18, 19] . The significance of these two results is not too high by themselves but nevertheless this is exciting because the causal set model of fluctuating Λ implies that it will have been negative in the past. Further observations of model independent values of H(z) will be of great importance in deciding if the two BOSS results are the heralds of the end of a constant Cosmological Constant.
Notation and terminology used in this work
We use the term causet as shorthand for causal set. Consider a causet (C, ≺) with elements x , y. If x ≺ y we say "x precedes y" or "x is below y" or "y is above x" or "x is an ancestor of y" or "y is a descendant of x." If x = y are unrelated by ≺ we write x y and say "x and y are unrelated". The order is irreflexive:
The past of a subset A of C is the subset P (A) := {y ∈ C | ∃x ∈ A s.t. y ≺ x}. The future of A is the subset F (A) := {y ∈ C | ∃x ∈ A s.t. y x}. For a single element, with a slight abuse of notation, we write P (x) (F (x)) as the past (future) of {x}.
A link is a relation x ≺ y such that ∃ z such that x ≺ z ≺ y. If x ≺ y is a link then x is an immediate ancestor of y and y is a direct descendant of x.
A future set is a subset which contains its own future. A past set is a subset which contains its own past. A partial stem is a past set of finite cardinality.
A post is an element which is causally related to every other element in the set.
A finite causet can be represented as a Hasse diagram in which each element is a dot or node and if x ≺ y is a link then an upward-going edge is drawn from x to y.
New universes in causal set theory
Smolin's idea of Cosmological Natural Selection [20] uses the conjecture that a new universe 1 can come into being at the singularity of a black hole. This natural and appealing idea has also been proposed by S. Hawking and others as "baby universes." Smolin also proposes that the coupling constants of physical theory are different in the child universe than in the parent. These conjectures will eventually have to be proved within a full theory of quantum gravity but for now, we can ask: how could such an event in principle be described within a particular approach? In causal set theory, we propose the following.
Consider the Penrose diagram for the formation and evaporation of a black hole in figure 1(a) with the new universe B sketched heuristically above the singularity. We propose two ways to model this as a causet. Figure 1 (b) represents a causet in which the singularity 2 is modelled as a single element of the set called a partial post [21] . In the causet sketched in figure 1(c), the singularity is not an element of the causet but a partition of the causet we call a partial break.
Let us formalise these concepts.
Definition 1. A partial post is an element y of causet C such that, if y ≺ x and y z, then x z.
This is illustrated in figure 1(b) in which A = P (y), B = F (y) and D = C \ (A ∪ B ∪ {y}).
Definition 2. A partial break in a causet C is an ordered pair of nonempty subsets (A, B) of C that satisfies
1 This use of the word 'universe' is a misnomer since we must contemplate the existence of multiple universes. Nevertheless, it is widespread and so we will use it. 2 The word "singularity" is being used in the sense that it is an event where General Relativity breaks down and that cannot be described in terms of a classical Lorentzian geometry. But, the idea is, it can be described in the underlying discrete theory as part of a causal set and so it is not, strictly, "singular" in the full theory at all. 
• B is a future set;
• A ∪ B is a past set.
We call A the past of the partial break and B the future of the partial break. This is illustrated in figure 1(c) where
Special cases of these concepts can be defined when the region D shown in figures 1(b) and 1(c) is empty:
A post is a partial post, y, such that the whole causet C = P (y) ∪ F (y) ∪ {y}.
Note, this is an equivalent to the definition of a post, given previously, as an element that is related to all other elements in C. A post models the collapse to a single element, and subsequent re-expansion of the whole spacetime.
Definition 4. A break is a partial break (A, B) such that the whole causet C = A ∪ B.
A break is not collapse to a single point but it is something that does not have a continuum interpretation: a causet with a break could not be embedded in a Lorentzian spacetime such that the causet order and spacetime order of the embedded elements agree. A break is therefore eligible to be considered as a "singularity" from the continuum point of and (P (y) ∪ {y}, F (y)).
Proof. Let y be a partial post. Consider the pair (P (y), F (y) ∪ {y}). The first two conditions for a partial break are clearly satisfied. Consider z, the ancestor of an element of P (y)∪F (y)∪{y}. If z is an ancestor of y itself then z ∈ P (y).
If z is an ancestor of an element of P (y) then it is an ancestor of y and in P (y). If z is an ancestor of an element of F (y) then z cannot be unrelated to y. So z ∈ P (y) ∪ F (y) ∪ {y}. So P (y) ∪ F (y) ∪ {y} is a past set.
Similarly for (P (y) ∪ {y}, F (y)).
Our intuition points towards a partial post as being the appropriate representation of a singularity caused by gravitational collapse: a single spacetime atom corresponding to one Planck unit of spacetime volume, what could be more "collapsed" than that? However, one could also make a case for a break to be even more singular: a break is, in some sense, the nothingness between the end of a portion of an old universe and the beginning of the new. Of course, we do not know enough about quantum gravity to make a final judgment, but in any case, we don't need to decide between them for the purpose of the current paper. Since, by Lemma 1, the existence of a partial post is a stronger condition than the existence of a partial break and we can focus on the partial break as our model of the birth of a new universe. Whatever follows from the existence of a partial break will also follow from the existence of a partial post.
So the question then is, if a partial break occurs in a causet that describes our spacetime, what consequences does that have? To answer this question we need to embed it in a dynamical model for causets.
Classical Sequential Growth
The Classical Sequential Growth models of Rideout and Sorkin [22] are stochastic processes in which a past-finite causet grows by the continual birth of new elements which respect the discrete analogue of general covariance and a causality condition ensuring that the growth of one part of the causet does not depend on the structure of the causet spacelike to it.
For a given CSG model, the growth process consists of countably many stages and the causet is finite at each stage.
At each stage a single new element is added. Suppose, causet C n , with cardinality n, has already grown. The transition from this parent causet, C n , to child causet, C n+1 , with one more element is called stage n. The new element chooses, with a certain probability, a partial stem in C n as its past; this partial stem is the precursor of the transition. A spectator of the transition is an element which is not an element of the precursor; it is unrelated to the new element. A CSG model is specified by a countable set of non-negative constants,
where t k is the relative probability that the newly born element chooses a particular set of ancestors which has cardinality k. The probability of the transition from C n to C n+1 is [22] P rob(
where
and is the cardinality of the precursor and m is the number of maximal elements of the precursor. The probability of growing, by stage n, the particular causal set C n is given by the product of the probabilities for the n transitions that produce C n . From the form of the transition probability we see that the space of CSG models is a projective space:
the set of parameters (t k ) and the set (αt k ), where α > 0 is a constant, define the same CSG model.
Note that the denominator of (1) is the same for all the possible transitions at stage n. The numerator, λ ( , m), is therefore the relative probability of the transition C n → C n+1 -relative to the other transitions that are possible from C n . For the proof that the sum of the relative probabilities over all possible transitions from C n equals the denominator, λ (n, 0), see [22] .
This description of a CSG model treats the births as if they happen in a total order and each element of the resulting causet is labelled by the stage at which it is born. Part of this information -the order of birth of any two elements that are spacelike to each other in the resulting causal set -is pure gauge and unphysical. Indeed, in any particular CSG model, two order-isomorphic causal sets with different labellings have equal probability of growing: a condition called "discrete general covariance." Each CSG model also satisfies a causality condition called "Bell causality" which means the growth of the causet is not influenced by its structure spacelike to the part of the causet that is growing. For example, consider a parent causet P and two possible children P → Q and P → R as shown in figure 2 . The element at the top left corner of P is a spectator of both transitions. We can delete that spectator from P , Q and R to form causetsP ,Q andR as shown in figure 3 . The Bell Causality condition is:
The presence, or absence, of any spectator has no effect on the relative probabilities of transitions. This will be important later. 
Cosmic Renormalisation
Sorkin showed that, in a CSG model (t k ), if the causal set that grows contains a post -a Big Crunch-Big Bang event -the effective dynamics of the causal set after the post is governed by a different CSG model with a renormalised set of constants {t k } [23] .
The crucial point is actually that there is a break in the causal set and we will redo the proof here in the more general case of a break but the essential idea is the same.
Lemma 2. In a CSG model, the growth of the future of a break is governed by a CSG dynamics with renormalised parameters.
Proof. Suppose that at stage N , a causal set A with cardinality N and with r maximal elements has grown. Let there be a break between A and the rest of the causal set. Following Sorkin we refer to the causal set after the break as the current era and consider it as a new universe. The transition probabilities for the growth of the current era are given by the transition probabilities in the original CSG model conditioned on the existence of a break after A.
The condition that there is a break after A means that all elements born in the current era must have a precursor set that includes the whole of A. This restricts the allowed transitions. The most convenient quantities to work with are therefore the relative probabilities of the allowed transitions and it is understood that the normalisation factor will always be the sum of the relative probabilities over the allowed transitions at each stage.
Consider element y born in the current era at stage N + n c in the full dynamics, i.e. at effective stage n c in the current era. Let y have ancestors and m immediate ancestors in the current era.
If y is a minimal element of the current era then = m = 0, and y has N ancestors and r immediate ancestors in the whole causal set including A. The relative probability of the transition in which y is born equals
If y is a non-minimal element of the current era then n c ≥ 1 and y has + N ancestors and m immediate ancestors, with = 0, m = 0. The relative probability of the transition in which y is born is equal to λ( + N, m).
We have
where the identity
was used and we have definedt
Definingt 0 := λ (N, r), andλ( , m) := λ ( + N, m) , we see that the relative probabilities of the allowed transitions in the current era have the form of a CSG model with new, "renormalised" parameters (t k ).
Branching universes
Our purpose is to model the branching off of a child universe as a partial break. Let us consider, then, a CSG model (t k ) in which a causet, C, grows which has a partial break. We will see that we have already done all the work needed to determine the effective dynamics of the child universe.
If a causet grows in which there is a partial break, then, at some stage of the process the past of the partial breaka set A of cardinality N , say -will have grown. The growth of the child universe, i.e. the future of the partial break, is conditioned on the existence of the break of which A is the past. Let D be the set of elements that are spacelike to the child universe as illustrated in figure 1 . Consider a transition in which an element of the child universe is born. Any already existing element of D will be a spectator to this transition. This means that, by the Bell causality condition, the relative probabilities of the transitions which grow the new universe are the same as those with the elements of D removed.
In other words the growth of the child universe to the future of the partial break is governed by the same stochastic law as for the growth of the future of a break with past A. So, the growth of the child universe is governed by a CSG model in which the parameters, (t k ) are given as before bỹ
where N is the cardinality of A and r is the number of maximal elements of A.
The question of whether some of the concepts of Smolin's cosmic natural selection scenario can be realised within a dynamical theory of causal sets is therefore transformed into concrete questions about the class of CSG models: are there partial breaks in causal sets grown in any CSG models and, if there are, what is the result of the renormalisation of the parameters given above?
For the special case of posts, we already have some answers. For example, each member of the one parameter family of CSG models known as transitive percolation, for which t k = t k where t > 0 is a real number, almost surely produces a causet with infinitely many posts [24] . Brightwell claims there is a larger class of CSG models in which the same is true [25] . Transitive percolation models form a line of fixed points of the renormalisation transformation after a post. The "RG flow" induced by the existence of infinitely many posts and the question of whether and in what sense there is a basin of attraction around the line of transitive percolation was studied in [26] . Sorkin has argued for the potential relevance of this cosmic renormalisation to the "large number" puzzles of cosmology including the so-called "flatness problem". This is the observation that if our observed universe is evolved back in time using the Friedmann equation with standard assumptions about the matter content of the universe, then when the Hubble parameter H =ȧ a becomes of order one in natural units -i.e. spacetime curvature becomes Planckian -the radius of curvature of 3 dimensional space is about 28 orders of magnitude bigger than one. Inflationary scenarios do not explain this because they themselves have to be fine tuned to produce this number. Sorkin's argument, in contrast, is that the universe could be self-tuning and that the underlying dynamics could be "natural" -i.e. contain only numbers of order one.
The suggestion is that the occurrence of a very large number of cycles of cosmic expansion and collapse, punctuated by posts, could result in an effective dynamics for our current era such that the cosmic expansion after the latest post would have resulted in a large, almost flat, 3 dimensional space at the end of the Planck era [23] . More work is needed to see if this proposal can be realised. it turns out they cannot, exploring the notion of black holes being the birthplace of new universes will need a different kind of causal set dynamics, perhaps a fully quantal dynamics.
